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Limit Cycle Oscillations of a Cantilevered Wing
in Low Subsonic Flow

Deman Tang,¤ Earl H. Dowell,† and Kenneth C. Hall‡

Duke University, Durham, North Carolina 27708-0300

A nonlinear, aeroelastic analysis of a low-aspect, rectangular wing modeled as a plate of constant thickness
demonstrates that limit cycle oscillationsof the order of the plate thickness are possible. The structural nonlinearity
arises from double bending in both the chordwise and spanwise directions. The present results using a vortex lattice
aerodynamic model for low-Mach-number� ows complement earlier studies for high supersonic speed that showed
similar qualitative results. Also, the theoretical results are consistent with experimental data reported by other
investigators for low-aspect-ratio delta wings.

Nomenclature
ai j ; brs = generalized coordinates in x; y directions
c = plate streamwise length
D = plate bending stiffness
E = Young’s modulus
h = plate thickness
km; kn = numbers of vortex elements on plate in

x; y directions
kmm = total number of vortices on both the plate

and wake in x direction
L = plate spanwise length
m = panel mass/area, h½m

mx; my = numbers of structural modal functions in x; y
directions de� ning u; v

nx; ny = numbers of structural modal functions in x; y
directions de� ning w

Q i j = generalized aerodynamic force
qmn = generalized coordinate in z direction
Ra = size of reduced-orderaerodynamic model
t = time
U = airspeed
Uf = � utter airspeed
u; v = in-plane displacements
w = plate transverse de� ection
X; Y = right and left eigenvector matrices of vortex

lattice eigenvalue model
x; y = streamwise and spanwise coordinates
Z = eigenvalue matrix of vortex lattice aerodynamic model
z = normal coordinate
zi = discrete time eigenvalue
0 = vortex strength
1p = aerodynamic pressure loading on panel
1p = nondimensional aerodynamic pressure, 1p=.½1U 2/
1t = time step, 1x=U
1x = plate element length in streamwise direction
¸i = continuous time eigenvalues, .zi /=1t
º = Poisson’s ratio
½1; ½m = air and plate densities
¿ = time parameter,

p
.mc4=D/; s

Ái ; Ã j = transverse modal functions in x; y directions
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! = frequencies
¢ = d. /=dt

Introduction

L INEAR and nonlinear aeroelasticresponsesof panels or plates
with � xed supports on all four sides have been studied for

many years. This is the so-called panel � utter phenomenon and is
normally of interest with respect to individual, local skin panel os-
cillationson a wing or fuselage.1 This continuesto be of concern for
modern aerospace vehicles such as the National Aerospace Plane.2

Less well known is that low-aspect-ratiowings that have plate-like
structural deformations can also exhibit nonlinear response includ-
ing limit cycle oscillations in an overall wing motion. Hopkins and
Dowell3 and Weiliang and Dowell4 studied the limit cycle oscilla-
tions of rectangular plates with three free edges and cantilevered
from the fourth side. The panel structurewas of low aspect ratio and
subject to quasisteady supersonic � ow over one or both surfaces, a
static temperature differential between the panel and its structural
support, and a static pressure differential between the upper and
lower surfaces of the panel. Their results provided good physical
understanding about the � utter and limit cycle oscillation charac-
teristics for such plates in a high-Mach-numbersupersonic � ow. In
particular, they demonstratedthat, even with only a single edge of a
plate restrained, bending tension or geometrical nonlinearities can
produce limit cycle oscillation amplitudes of the order of the plate
thickness.

Following the work of Refs. 3 and 4, in the present paper we
use a three-dimensional time domain vortex lattice aerodynamic
model and reduced-order aerodynamic technique5 ;6 to investigate
the � utter and limit cycle oscillationcharacteristicsof a low-aspect-
ratio wing-panel structureat low subsonic � ow speeds.Again, limit
cycle oscillationsare found. It is noted that these theoretical results
are qualitativelyconsistentwith the experimental results of Doggett
and Soistmann,7 who studied the � utter of low-aspect-ratio delta
wings.

State-Space Equations
A schematicof the wing-plategeometry with a three-dimensional

vortex lattice model of the unsteady � ow is shown in Fig. 1. The
aeroelastic structure/� uid state-space equations are described as
follows.

Nonlinear Structural Equations
The nonlinear structural equations were derived from Hamil-

ton’s principle and Lagrange’s equations based on the von Kármán
plate equations1;3;4 using the total kinetic and elastic energies and
the work done by applied aerodynamic loads on the plate. Ap-
proximate modes are substituted into the energy expressions and
then into Lagrange’s equations to yield equations of motion for
each structural modal coordinate. The results are presented as
follows.
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Fig. 1 Aeroelastic model of a cantilevered plate.

Structural Mode Functions and Expansions
We expand the transverseor out-of-planedisplacementw and the

in-plane displacements u and v as follows:

u D
i j

ai j .t/u i .x/u j .y/ (1)

v D
r s

brs.t/vr .x/vs.y/ (2)

w D
m n

qmn.t/Ám.x/Ãn.y/ (3)

where the mode functions ui ; v j ; ur ; vs; Ám ; and Ãn are given by

u i .x/ D cos i¼.x=c/; u j .y/ D sin[.2 j ¡ 1/=2]¼.y=L/

vr .x/ D cos r¼.x=c/; vs.y/ D sin[.2s ¡ 1/=2]¼.y=L/

Ám .x/ D
p

2 sin ¯m .x=c/ C 3
4
¼ C exp[¡¯m .x=c/]

C .¡1/m C 1 expf¡¯m [1 ¡ .x=c/]g

Ãn.y/ D
p

2 sin ¯n.y=L/ ¡ 1
4
¼ C exp[¡¯n.y=L/]

C .¡1/n C 1 expf¡¯n[1 ¡ .y=L/]g C .¡1/n exp.¡¯n/

with

¯m D m ¡ 3
2 ¼; ¯n D n ¡ 1

2 ¼

where Ám .x/ is a free–free beam function and Ãn.y/ is a cantilever
beamfunction.For m < 2, the rigid-bodytranslationand the rotation
modes are

Á1.x/ D 2; Á2.x/ D 2[1 ¡ 2.x=c/]

and ai j ; brs; qmn , u, v, and w are normalized by the plate thickness
h and x and y by c and L , respectively.

In-Plane Equations
It is assumed that all of the nonconservative forces act in the z

direction only and the in-plane inertia may be neglected. Thus, the
in-plane equations of motion are determined from the stretching
strain energy and Lagrange’s equation.1;3;4 The nondimensional in-
plane u and v equations are, thus,

k p

C i j
kp akp C

g f

C i j
g f bg f D C i j .4/

k p

Drs
kp akp C

g f

Drs
g f bg f D Drs .5/

where C i j and Drs are nonlinear (quadratic) functions of the plate
transverse de� ection. For details of the coef� cient terms C i j

kp;

C i j
g f ; Drs

kp , and Dr s
g f and the terms C i j and Drs , see Ref. 4. Note that

there is a typographical error in the term C i j of Ref. 4. The correct
equation is

C i j D ¡
h

c

3

m n p l

qmnqpl

£
1

0
Á 0

mÁ 0
pu 0

i dx
1

0
ÃnÃl v j dy

¡ º
h

L

2
h

c
m n p l

qmnqpl

£
1

0
ÁmÁ pu 0

i dx
1

0
Ã 0

nÃ 0
l v j dy

¡ .1 ¡ º/
h

L

2
h

c
m n p l

qmnqpl

£
1

0

ÁmÁ 0
pu 0

i dx
1

0

Ã 0
nÃl v

0
j dy (6)

Transverse Equations
The transverse equation is formed by substituting the kinetic,

bending, and stretching energy expressions into Lagrange’s equa-
tion. The nondimensionalequation is

m n

¿ 2 Ai j
mn Rqmn C B i j

mnqmn C F i j
N C Q i j D 0 .7/

where Ai j
mn and B i j

mn are coef� cient terms and F i j
N is a nonlinearforce

that depends on the de� ection of the plate. For details, see Ref. 4.
Q i j is the nondimensionalizedgeneralized aerodynamic force. We
will discuss it next.

Aerodynamic Equations: Vortex Lattice Model
The � ow about the cantilever plate is assumed to be incompress-

ible, inviscid,and irrotational.Here we useanunsteadyvortexlattice
method to model this � ow. A typical planar vortex lattice mesh for
the three-dimensional� ow is shown in Fig. 1. The plate and wake
are divided into a number of elements. In the wake and on the wing,
all of the elements are of equal size 1x in the streamwise direc-
tion. Point vortices are placed on the plate and in the wake at the
quarter chord of the elements. At the three-quarter chord of each
plate element, a collocation point is placed for the downwash; i.e.,
we require the velocity induced by the discrete vortices to equal the
downwash arising from the unsteady motion of the plate. Thus, we
have the relationship

wt C 1
i D

kmm

j

K i j 0
t C 1
j ; i D 1; : : : ; km (8)

where wt C 1
i is the downwash at the i th collocationpoint at time step

t C 1, 0 j is the strengthof the j th vortex, and K i j is an aerodynamic
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kernel function.5 As described in Ref. 5, we have three sets of equa-
tions in the wake. At the � rst vortex in the wake at the time step
t C 1, we have

0t C 1
km C 1 D ¡

km

j

0t C 1
j ¡ 0 t

j .9/

Once the vorticity has been shed into the wake, it is convected in
the wake with speed U . From the second vortex point to the last two
vortex points in the wake, this convection is described numerically
by

0t C 1
i D 0t

i ¡ 1; i D km C 2; : : : ; kn ¡ 1 (10)

At the last vortex point in the wake, we have the following rela-
tionship for the vortex distribution:

0t C 1
i D 0t

i ¡ 1 C ®0t
i ; i D kn (11)

where ® is a relaxation factor; usually 0:95 < ® < 1:0.
Putting together Eqs. (8–11) gives an aerodynamic matrix

equation:

A C t C 1 C B C t D wt C 1 .12/

where A and B are aerodynamic coef� cient matrices.5

From the fundamental aerodynamic theory, we can obtain the
pressure distribution on the plate at the j th point in terms of the
vortex strengths:

1p j D ½1

1x
U 0t C 1

j C 0t
j 2 C

j

i

1x 0t C 1
i ¡ 0t

j 1t .13/

Let

N0 ´ 0=.Uc/; U ´ 1x=1t

and the overbar of 0 is then dropped for convenience. Thus, the
nondimensionalpressure is given by

1p j D
c

1x
0t C 1

j C 0 t
j 2 C

j

i

0t C 1
i ¡ 0 t

i .14/

and the aerodynamic generalized force is calculated from

Q i j D ½1U 2c4

Dh

1

0

1

0

1pÁi Ã j dx dy .15/

Aeroelastic State-Space Equations
Consider a discrete-time history of the plate motion q.t/, with a

constant sampling time step 1t . The sampled versionof q.t/ is then
de� ned by

q D
.q t C 1 C q t /

2
and the velocity of this discrete-time series is de� ned by

Pq D .q t C 1 ¡ q t /

1t

The structural dynamic equation (7) can be reconstitutedas a state-
space equation in discrete-time form. It is given by

D2µ
t C 1 C D1µt C C2 C t C 1 C C1 C t D ¡F

t C 1
2

N .16/

where the vector µ is the state of the plate, fµg D f Pq; qg, and D1

and D2 are matrices describing the plate structuralbehavior.C1 and
C2 are matrices describing the vortex element behavior on the plate
itself.

There is a linear relationship between the downwash w at the
collocation points and plate response µ. It is de� ned by

w D Eµ .17/

Thus, combining Eqs. (12), (16), and (17), we obtain a complete
aeroelastic state-space equation in matrix form:

A ¡E

C2 D2

0

µ

t C 1

C
B 0

C1 D1

0

µ

t

D
0

¡FN

t C 1
2

(18)

Reduced-Order Aerodynamic Model
If we assume the structural response to be zero, then from

Eq. (12) we obtain a representationof unforced � uid motion:

A C t C 1 C B C t D 0 .19/

From Eq. (19), an aerodynamiceigenvalueproblemmay be formed.
Because the matrices A and B are nonsymmetric,we must compute
the right and left eigenvalues and eigenvectors of the generalized
eigenvalue problem. They are

AXZ D ¡BX .20/

and

AT YZ D ¡BT Y .21/

where X and Y are the right and left eigenvector matrices and Z
is a diagonal matrix whose diagonal entries contain the eigenval-
ues. The discrete-timeeigenvalues zi are related to continuous-time
eigenvalues ¸i by zi D exp.¸i 1t/. The real part of ¸i indicates the
dampingof the system,and the imaginary¸i providesthe oscillation
frequency.

The right and left eigenvectorsare orthogonalwith respect to the
matrices A and B . We normalize the eigenvectorssuch that they are
orthonormalwith respect to A. Therefore,

YT AX D I .22/

and

YT BX D ¡Z .23/

Next, let the point vortex vector C be a linear combinationof the
Ra right eigenvectors (where in practice Ra ¿ kn £ kmm ), i.e.,

C D XRa° .24/

where ° is the vector of the aerodynamic modal coordinates. Sub-
stitution of Eq. (24) into Eq. (12), premultiplyingEq. (12) by °T

Ra ,
and making use of the orthogonality conditions [Eqs. (22) and
(23)] yields the new aeroelastic model

I ¡YT
Ra E

C2XRa D2

°

µ

t C 1

C
¡ZRa 0

C1 X Ra D1

°

µ

t

D
0

¡FN

t C 1
2

.25/

One � nds that, with the reduced-orderaerodynamicmodel, only a
few aerodynamiceigenmodes need to be retained in the aeroelastic
model for good accuracy. However, whereas the dominant eigen-
modes have been retained, all of the eigenmodes participate in the
response to some degree. To account for the neglected eigenmodes,
therefore, we use a quasistatic correction,which accounts for much
of their in� uence.This techniqueis similar to the mode-acceleration
method common to structural dynamics and was � rst suggested in
the context of � uid eigenmode analysis by Florea and Hall.8 Thus,
let

C D C s C C d D C s C XRa °d .26/

where the � rst term on the right-hand side is a quasistatic solution
of the vortex � ow and the second term is a dynamic perturbation
solution. By de� nition, the quasistatic portion C s is given by

[A C B] C t
s D wt .27/

where wt is the downwash at time step t. Compare Eqs. (12) and
(27). Note that Eq. (27) may be inverted once to determine C t

s in
terms of wt and does not need to be evaluated at each time step.

Finally, the reduced-order model with static correction is given
by

I ¡YT
Ra [I ¡ A.A C B/¡1]E

C2XRa D2 C C2.A C B/¡1 E

°d

µ

t C 1

C
¡Z Ra ¡YT

Ra [B.A C B/¡1]E

C1 X Ra D1 C C1.A C B/¡1 E

°d

µ

t

D
0

¡FN

t C 1
2

(28)
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Numerical Results
Four rectangular cantilever plate models of varying aspect ratio

were considered.The models are takento be an aluminumalloyplate
of constant thickness with aspect ratios of AR ´ L=c D 0:75–10.
The plate streamwise length c D 0:3 m is � xed. The plate thickness
is h D 0:001 m, and Poisson’s ratio is º D 0:3. For the basic case,
the plate was modeled using 50 vortex elements, i.e., km D 10 and
kn D 5. The wake was modeled using 150 vortex elements, i.e.,
kmm D 40. The total number of vortex elements (or aerodynamic
degrees of freedom) is 200. The plate modal numbers are nx D 4,
ny D 2, mx D 10, and my D 2. The vortexrelaxationfactorwas taken
to be ® D 0:992.

Aerodynamic Eigenmodes Analysis
Typical eigenvalues for the basic vortex lattice model are shown

in Fig. 2. Figure 2a shows eigenvalues in terms of the discrete-
time multiplier z, and Fig. 2b shows them in terms of the usual
continuous-timeeigenvalue¸. Note that for normalizationpurposes
the airspeed U is assumed to be unity, and thus, 1t D 1x . It is
found that there are � ve dominant branches in the ¸ distribution.
(Recall that kn D 5.) There are 64 real and 136 complex conjugate
eigenvalues.

When the wake elements are increased (note that the number
of spanwise vortex locations kn does not change), the eigenvalues
become denser in their distribution.A numerical example is shown
in Fig. 3 forkm D 40 and kmm D 160.Compare the resultsofFig. 3b
to those in Fig. 2b. It is seen that the eigenvalues in Fig. 2b occur
again in Fig. 3b at essentiallythe same positions,except that the � rst
� ve real eigenvaluesare more heavily damped, i.e., move to the left.

To determine the contribution of the individual aerodynamic
eigenmodes to the overall wing lift, a numerical experiment was

a)

b)
Fig. 2 Eigenvalue solutions of vortex lattice model of unsteady � ow
about a three-dimensional plate: kn = 5, km = 10, and kmm = 40; , most
important eigenmodes.

a)

b)
Fig. 3 Eigenvalue solutions of vortex lattice model of unsteady � ow
about a three-dimensional plate: kn = 5, km = 40, and kmm = 160.

Fig. 4 Contribution of each aerodynamic eigenmode to overall wing
lift.

considered.We assume that the wing plate is absolutely rigid and a
unit step change in downwash is prescribed over the wing. The lift
is de� ned as

CL D 1
½1U 2

1

0

1

0
1p.x; y/ dx dy

The results for CL are shown in Fig. 4.
Figure 4 shows the magnitude of the lift created by individ-

ual aerodynamic eigenmode CL .i/ vs the aerodynamic eigenmode
number i . For comparison, the total lift created by all eigenmodes,
CL ;total , is also plotted in Fig. 4, as shown by the thick bar. We
plot only 90 aerodynamic eigenmodes in Fig. 4 because beyond
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90eigenmodesthe lift contributionis almost zero.The � rst 12eigen-
modes plotted are from the pure real eigenvalues, and the order is
from smaller to larger damping. From the 13th eigenmode, these
are the complex conjugate eigenmodes, and the order is also from
smaller to larger damping. It is seen that the � rst important con-
tribution is the 6th eigenmode, the second most important is from
the 13th eigenmode, and the contribution decreases as the eigen-
mode order, i.e., damping, increases. For the pure real eigenmodes,
the eigenmodes with the smallest damping are not always the most
important. For example, in Fig. 2 the � rst � ve real eigenvalues are
virtually identical at ¸R D ¡0:27 and none of them contribute sig-
ni� cantly to the lift. In Fig. 2b, the most important eigenmodes are
indicatedby . Thus,we � nd that the � rst¸ branchis themost impor-
tant. For the presentexample,only a few eigenmodesare signi� cant,
which providesvery useful informationfor the � utter and nonlinear
response analysis using the reduced-orderaerodynamicmodel.

Stability of the Linear Aeroelastic Model
When thenonlinearforce FN in Eq. (18), (25), or (29) is set to zero,

a linear aeroelastic model is obtained. The aeroelastic eigenvalues
from solving these equations determine the stability of the system.
When the real part of any one eigenvalue ¸ becomes positive, the
entire system becomes unstable.

Figures 5a and 5b show a typical graphical representationof the
eigenanalysis in the form of real eigenvalues Re.¸i / vs the � ow
velocity and also a root-locus plot for the nominal linear system
using all aerodynamic eigenmodes. There are two intersections of
Re.¸i / with the velocity axis. One is U f D 42 m/s for the critical
� utter velocity with the corresponding� utter oscillatory frequency
w f D 76:8 rad/s. The other is Ud D 54:3 m/s for the divergentveloc-

a) Real part

b) Root locus
Fig. 5 Eigenvalue solutions of linear aeroelastic model for full aerody-
namic modes.

a) Real part

b) Root locus
Fig. 6 Eigenvalue solutions of linear aeroelastic model for reduced-
order aerodynamic model with static correction: Ra = 7.

ity with zero oscillatory frequency.Note that the divergent velocity
corresponds to a primarily aerodynamic mode.

Figure 6 shows a graphicalrepresentationof the eigenanalysisus-
ing a reduced-orderaerodynamicmodel with a static correction for
sevenaerodynamiceigenmodes(Ra D 7), i.e., the 6th and 13th–18th
eigenmodes corresponding to Fig. 4. Excellent agreement between
the full and reduced aerodynamic eigenmode results is obtained.
However, the computation time using the reduced-order model is
only about 1

150
that of the original model.

From Figs. 5 and 6, it is found that the linear � utter motion is
dominated by the coupling between the � rst two structural modes,
i.e., the spanwise bending mode and the rigid plunge and rotation
modes in the chordwise direction.

Figure 7 shows the � utter velocities (Fig. 7a) and � utter frequen-
cies (Fig. 7b) of the linear system vs the aspect ratio AR ´ L=c
from0.75 to 10 usinga � ve-eigenmode,reduced-orderaerodynamic
model (6th and 13th–16th) with a static correction. Both � utter ve-
locity and corresponding frequency are increased as the aspect ra-
tio decreases. It was found that the results for the � ve and seven
reduced-orderaerodynamic modes are virtually identical.

Figure 8 shows the convergent behavior of the linear � utter ve-
locity vs the numbers of the structural modal function, nx and ny.
Figure 8a is for the � utter velocities,and Fig. 8b is for the correspon-
dent frequenciesof the linear system. The presentmethod has good
convergence both for ny D 1 and ny D 2 when nx > 3. Note that
the � utter velocities for ny D 1 are modestly higher than those for
ny D 2. It is found that for AR D 1, when ny D 1 and nx D 3, the � rst
three plate natural frequencies are 6.5, 20.5, and 71.9 Hz, whereas
for ny D 2 and nx D 3, the � rst three plate natural frequencies are
6.5, 18.2, and 58.9 Hz. Thus, it is found that there is a lower second
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a) Flutter velocities

b) Oscillation frequencies
Fig. 7 Linear aeroelastic model vs aspect ratio of the plate.

natural frequency of the plate for ny D 2 as compared with ny D 1.
This leads to a lower � utter velocity for ny D 2. The results for
ny D 3 are essentially the same as for ny D 2.

Limit Cycle Oscillation of Nonlinear Model
We have used a standard discrete-time algorithm to calculate the

nonlinear response of this aeroelastic system using the full aero-
dynamic model, Eq. (18), and also the reduced-orderaerodynamic
model, Eq. (28). The time step is constant for a given � ow velocity
U , 1t D 1x=U . A range of aspect ratio is considered.

Typical nondimensional transverse and in-plane displacement
time historiesat location (x D 0:75 and y D 1) for U D 45 m/s > U f

are shown in Figs. 9a–9c. There is a steady-statelimit cycle oscilla-
tion with frequency! D 13:51 Hz. Note that the linear � utter veloc-
ity is U f D 42 m/s for ny D 2 and nx D 4. Figures 9a–9c reveal that,
as the plate de� ects in both the positiveand negativez directions,the
in-plane displacement amplitudes u and v increase in the negative
x and y directions. Thus, the maximum transverse displacements
w, both positive and negative, correspond to the maximum negative
in-plane displacements, and the in-plane displacements oscillate at
twice the transverseoscillation frequency,! D 27:02 Hz. The point
at which the in-plane x displacement is at its smallest amplitude co-
incides with the point at which the transverse displacement is at its
smallest amplitude. For a � ow velocity lower than the linear � utter
velocity, for example, U D 40 m/s, the response decays to zero, as
shown in Fig. 10. Note that, if we were to change the sign of the
initial conditions, then Fig. 9a would undergo a sign reversal, but
Figs. 9b and 9c would be unchanged because u; v » w2.

Comparisons of results from the full aerodynamic model with
those from the reduced-ordermodel with static correction (Ra D 7)
have been made. Figure 11 shows a nondimensional transverse dis-

a) Flutter velocities

b) Oscillation frequencies
Fig. 8 Linear aeroelastic model vs the numbers of structural modal
function.

placement time history at a certain wing location (x D 0:75 and
y D 1) for U D 45 m/s. The solid line indicates the results from all
aerodynamiceigenmodes,and the dashed line indicatesresults from
the reduced-orderaerodynamic model. The agreement is good, ex-
cept that there is a slight difference in the oscillation frequency.
There is also a small difference in phase from cycle to cycle that
accumulatesover many cycles.This is of no importancefor the limit
cycle itself. For transient motions, the phase is of signi� cance, and
here the differences are again small.

Figure 12 shows the nondimensional transverse peak ampli-
tude of the limit cycle oscillation (LCO) vs the � ow velocity for
AR ´ L=c D 1, ny D 1, nx D 3, ny D 2, nx D 4, and ny D 2 and
nx D 6 for the same initial conditions, w.0/.x D 1; y D 1/ D 0:1.
The solid line indicates the results from the full aerodynamiceigen-
mode model, and the dashed line indicates results from the reduced-
order aerodynamicmodel with Ra D 7. The results again show good
agreementbetween the two aerodynamicmodels. From Fig. 12, it is
seen that the results of one mode along the span direction (ny D 1)
combined with three modes along the � ow direction (nx D 3) are
somewhat differentfrom thosefor ny D 2 andnx D 4 and ny D 2 and
nx D 6. The latter resultsarewell converged,as suggestedby theear-
lier results from linear theory (see Fig. 8). Figure 13 shows the oscil-
lation frequencyof the LCO vs the � ow velocity for AR ´ L=c D 1
andny D 2 andnx D 4 using the full aerodynamiceigenmodemodel.
The solid line indicates the result for the transversedisplacementw,
and the dashed line indicatesthe result for the in-planemotionu and
v. It is found that the LCO frequency for both transverse w and in-
planeu and v displacementsincreasesas the � ow velocity increases.

The trend with aspect ratio AR ´ L=c D 0:75, 1.0, 1.5, and 3.5
and ny D 2 and nx D 4 using the reduced-orderaerodynamicmodel
with Ra D 7 is shown in Fig. 14. It is expected that the growth rate of
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a) Nondimensional transverse de� ection

b) In-plane displacement in x direction

c) In-plane displacement in y direction

Fig. 9 LCO for U = 45 m/s.

the limit cycle amplitude with � ow velocity increases as the aspect
ratio of the plate increases for large aspect ratios. This is physically
true because the wing behavesmore like a beam and less like a plate
as the aspect ratio increases suf� ciently. However, for the range of
aspect ratios shown in Fig. 14, the limit cycle response is on the
order of the plate thickness well beyond the linear � utter velocity.

When we calculated the LCO using both full- and reduced-order
aerodynamic models, we found that there is a numerical instability
(numerical divergence) at higher � ow velocity for larger 1x .1t/
or smaller km. For example, when km D 10 the numerical diver-
gence will occur when U > 54:5 m/s for AR ´ L=c D 1 and ny D 2
and nx D 4. To obtain the LCO in the higher-�ow-velocity range,

Fig.10 Decayingoscillationof thenondimensionaltransverse response
for U = 40 m/s.

Fig. 11 Comparison of LCO for U = 45 m/s from ——, the full
aerodynamic eigenmodes, and – – – , the reduced-order model with
Ra = 7.

Fig. 12 Limit cycle amplitudes vs � ow velocity U for aspect ratio
L/c = 1, ny = 1, nx = 3, ny = 2, nx = 4, and ny = 2 and nx = 6 from ——,
the full aerodynamic eigenmodes, and – – – , the reduced-order model
with Ra = 7.

we have to increase km and the corresponding kmm, e.g., we used
km D 20 and kmm D 80 in Fig. 12 for ny D 2 and nx D 4 and ny D 2
and nx D 6. This is because,as shown in Fig. 13, the LCO frequency
rapidly increases in the higher-� ow-velocity range. Especially, for
the higher in-plane displacement oscillation frequency, it is nec-
essary to have a very small time step 1t to maintain numerical
stability. Typically, more than 75 points per cycle are suf� cient for
the numerical stability. The reduced-orderaerodynamic model has
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Fig.13 LCOfrequency vs � ow velocityU for aspect ratioL/c = 1,ny = 2,
and nx = 4 from ——, w motion, and – – – , u and v motions.

Fig. 14 Limit cycle amplitudes vs � ow velocity U for several aspect
ratio calculated from reduced-order model with Ra = 7.

a special advantage in saving computational time when the larger
km and kmm are used, in that the time step needed for numerical
stability of the time-marching scheme does not require the spatial
discretization to be made smaller as is true when using the vortex
lattice model directly in the aeroelastic analysis. We conclude this
discussion by noting the correspondence of our theoretical results
with the experimental results of Doggett and Soistmann.7 First we
quote these authors on their observations:

A few comments about the nature of the � utter that was ob-
served are in order. For the lower sweep angles � utter onset
was clear in that at � utter the response began to increase at
a rapid rate in the usual divergent amplitude oscillation. As
sweep angle was increased, however, the onset of � utter be-
came less distinct.As the � utter conditionwas approached the
higher sweep models exhibited long bursts of lowly damped
oscillations. The � utter condition itself was in the nature of
a limited amplitude oscillation.

These authors tested delta (triangular) wings with the lower sweep
angles corresponding to higher aspect ratios and the higher sweep

angles corresponding to lower aspect ratios. For the latter they
observed “limited amplitude oscillations,” as we have found here
for low-aspect-ratiowings. Recently completed calculationsby the
present authors for delta wings (to be reported separately) have fur-
ther con� rmed these results.

Concluding Remarks
Vortex lattice aerodynamic theory has been used to construct a

reduced-order aerodynamic model that has been successfully ap-
plied to determine the nonlinear limit cycle response of a cantilever
plate model of a wing with a geometric structural nonlinearity. It
was shown that the unsteady three-dimensional � ow can be mod-
eled accurately using a few aerodynamic eigenmodes plus a static
correction technique and, thus, can be easily coupled to a structural
system for nonlinear aeroelastic analysis. The present method has
good accuracy and computational ef� ciency for both linear � utter
and nonlinear response analysis.

The present paper provides new insight into a nonlinear aero-
elastic phenomenon not previously widely appreciated, i.e., LCO
for low-aspect-ratiowings that have a plate-likestructuralbehavior.
This adds to our understandingof nonlinearaeroelasticwing theory.

Whereas a simple rectangularwing-plategeometry is considered
here, wings of general planform can be treated similarly by � rst
� nding the linear structural eigenmodes of the wing using a � nite
element code, for example.
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